Supplementary material
Supplementary In this study we exploit the global-scale 'natural experiment' created by the escalation of 73 species naturalizations over the last century. We employ these data to examine the large-scale 74 patterns of species naturalizations and community assembly through the high-power lens of 75 statistical mechanics. Statistical mechanics uses probability theory to provide a framework 76 relating the properties of large numbers of individual units to the bulk properties of the whole, Our approach has produced new insights into several fundamental ecological processes. 84 First, we have derived an analytical explanation of community assembly able to incorporate 85 naturally all the above observations. From this, we are able to conclude that biotic resistance 86
exists, but as a moving ceiling regulated by some external factor; combining these findings with 87 earlier work (Woodward and Kelly 2008), we infer that external factor to be net primary 88 productivity (NPP) or some process innately linked to NPP. Secondly, we have identified a 89 quantitative (exponential) character to the general observation that the majority of species are of 90 restricted distribution and only a few are widespread. This pattern is an emergent property 91 deriving from the fundamental nature of niches themselves and does not require the operation of 92 any particular trait of any particular niche. Lastly, the simple exponential distributions make 93 possible analytical tools carrying with them a degree of rigor not previously available to the 94 comparative study of species' distributions (see (Gotelli et al. 2009 ). 95
Materials and Methods 96
We collated data on 10,409 naturalizations of 5350 unique plant species over 16 sites 97 dispersed globally, determining the number of sites at which each unique species occurred. We 98 also recorded the number of species in common between sites, grouping sites first into all 99 possible pairwise combinations, next into all possible triplet combinations, and finally into all 100 possible quadruplet combinations. 101
Because species naturalization is largely tabulated at the country scale, our study is at this 102 scale. Site selection was dictated by the availability of naturalized species lists including all 103 known established alien pteridophyte, gymnosperm and angiosperm species, and not restricted to 104 invasive pests. The 16 sites meeting these criteria and included in the study are: Chile (Castro et Three important properties were revealed by our treatment of the data. First, species 118 naturalizations show an exponential distribution of the number of naturalized species S(n) found 119 at n sites ( fig. 1) . To correspond to the analyses illustrated in figs. 2 and 3, the exponential is fit to 120 n ≥ 2 using maximum likelihood; the relationship is 121 
141
Distance between two sites compared to number of species shared pairwise shows no relationship 142 between the two factors. Some correlation might be present for distances ≤ 5000 km, but the main 
158
The ubiquity of exponentials at every level of site grouping corroborates the robustness of our findings
159
over alternative explanations of species shared between sites (details in Appendix A: Dispersal; fig. A1 ).
160
The over the sites at which they are naturalized, a very different ecological problem we enlarge on 179 below. 180
The logical structure of our investigation is that we started with the hypothesis that a simple 181 argument in statistical mechanics accounts for the observed exponential distribution of species 182 over sites. We identified the necessary general conditions and constraints and found them to 183 account also for the exponential distribution of pairs of sites over numbers of species held in 184 common ( fig. 3a) . We were then able to predict successfully the exponential distributions shown 185 in figs. 3b and c, further supporting our hypothesis of the nature of our original observation. 186
Below, we start with the mathematical framework of our model. 187
Suppose we have S objects [of so far unspecified nature] assigned to classes such that the 188 class labelled n contains The quantity W is proportional to the probability of finding this configuration that a given number of species S is involved and the second is that the sum
-this is the analog of the length of MacArthur's stick (and so must correspond to some fixed 228 resource, over 16 sites, to be partitioned) and it is the total number of alien establishments over 229 the 16 sites available to us. It is of such importance that we have given it a name; the alien 230 footprint introduced earlier. When (1) is maximised with respect to all S(n) subject to these 231 constraints, the most probable distribution of species over the number of sites n at which they are 232 found is given by 233
The mathematical constraint on the number of naturalized establishments found in the 16 235 sites considered
, which is also the sum of site diversities, implies a biological 236 constraint. The rate at which the exponential decreases is controlled by the mean alien footprint 237 for these 16 sites, that the alien footprint has a fixed value (it is a conserved quantity) and the value is determined 243 by ecological constraints. Secondly, the nature of the world is such that Eq. (1) is indeed 244
proportional to the probability of finding some specified configuration; there is a sense in which 245 species are equivalent. Any other ecological forces then do not affect this distribution. The originof the ecological forces that do fix the alien footprint has not been completely established, but 247
MacArthur's idea of partitioning a limited resource is extremely suggestive. Resource availability 248 is limited -ultimately by the degree of insolation, water availability and CO 2 -and is reflected in 249 productivity. Species diversity has been shown to be highly correlated with net primary 250 productivity, and naturalization rates with increases in productivity over time (Woodward and 251
Kelly 2008). This is considered further in the discussion at the end of the paper. 252
There is of course nothing special about 16 sites -they were merely those for which 253 appropriate data were found. It should be clear that the conserved alien footprint defined above is 254
for that sample of 16 sites and that as time goes on the alien footprint for those particular sites 255 stays pretty much constant. If more sites were available the alien footprint for the larger sample 256 would be bigger, but would not change much with time. Thus the slope of the exponential in n is 257 a function of the number of sites in the sample. It would be expected that if the fractional variable 258 n/N is defined for the case of N sites then the mean alien footprint per site would be independent 259 of N and the slope of the exponential expressed as a function of n/N would not depend on N. This 260
is not easy to test with any precision, but on selecting a random sub-sample of 8 sites from the 16 261 it is indeed the case that the mean alien footprint is halved and the mean alien footprint per site 262 remains the same. Computer simulations for the random distribution of species over sites in such 263 a way that (3) is satisfied yields the equivalent result for sub-samples of various numbers of sites. 264
Thus the mean alien footprint per site is fixed regardless of the number of sites. 265
The distribution of sites over species 266 Figure 3a shows the distribution of the number of pairs of sites over the number of 267 naturalized species common to both and is again an exponential. This distribution follows from 268 the subsidiary ecological assumptions that Eq. (1) is proportional to the probability of finding 269 some specified configuration of pairs [ € s n in (1)] over n species in common; that there is a sense in 270 which sites are equivalent. A constraint equivalent to the length of MacArthur's stick is wholly 271 determined by the exponential distribution S(n) for S(n) species over n sites; it is that the sum of 272 the number of pairs with m alien species in common multiplied by that number m of common 273 species is constrained. This sum is easily evaluated. Pairs can be chosen from a set of n sites in 274 n(n-1)/2 different ways and so a species found at n sites will also be found at n(n-1)/2 pairs of 275 sites. Summing over all n yields a total overlap measure
which counts up all pairs of sites and sums the number of common species over all pairs and is 277 thus the required sum. Because S(n) is already determined, € M 2 is fixed, essentially by the same 278 biological constraints that limit fig. 3a is given by the 279 number of pairs (120) divided by the overlap measure
Our hypotheses now allow us to predict that the distribution of triplets of sites over the 281 number of species common to all three will also be exponential and with parameters given by the 282 numbers S(n) for the distribution of species over the number of sites. The quantity 283 1) is 345 that, without the specified conditions, every object (species or sites or groups of sites) has the 346 same probability of being in any class.. From the observed exponential distribution of 347 naturalized species over sites, we infer that every species in our data set has the same a priori 348 probability of being in any class and all arrangements corresponding to a given configuration are 349 equally probable, similarly for sites over species. One ecological model of this would be that 350 every species is identical and further that every site is identical; the wide range of environments relationship is an intuitively satisfying integration of these differences, with productivity 390 determining the population process of species entry as proposed in Tilman (2004), along the 391 major axis of the relationship, and filtering of species (sampling) through subsequent species 392 interactions affecting the variation at any particular point along that axis as in Flombaum and 393 Sala (2008) . 394
In conclusion, the primary result of our treatment of species naturalization is a new window 395 on the fundamental processes governing community assembly and diversity -identifying the 396 significance of the alien footprint, the implications of a causative role for productivity and the 397 rapidity with which equilibrium species number can be reached -but it also generates subsidiary 398 insights. Regardless of the extent to which an assumption of idiosyncrasy holds, the data of figs. 399 1-3 make it most unlikely that any single pronounced signature will reveal species that can easily 400 naturalize; while there may be geographically or taxonomically local generalities, no one solution 401 will be universal, consistent with recent reviews of empirical species' naturalization studies 402 restricted distribution and few species are widespread over many sites; this pattern is an emergent 405 property deriving from the fundamental nature of niches themselves, and does not require the 406 operation of any particular trait of any specific niche (cf. (Brown 1984; Brown 1995 It is natural to think of dispersal by diffusion as limiting the distance travelled by propagules and 555 hence the number of sites reached. For a given diffusion parameter, the probability of a 556
propagule ending up a certain distance R from the source is a normal distribution. In two 557 dimensions were all sites (or a fixed proportion thereof) within a circle of radius R to be captured 558 by a species ending up at R, then an exponential as in Figure 1 would in fact be generated, but the 559 number of pairs of sites sharing a species would decrease rapidly with the separation of the 560 members of the pair. In fact the idea that all sites within a circle of radius R be captured is a red 561 herring. In a random walk the number of sites visited on average grows almost linearly with the 562 number of steps allowed (which corresponds to the diffusion parameter) and many of these sites 563 are outside the circle possessing the final radius, the average value of which grows only with the 564 square root of the number of steps. Fluctuations about the mean number of sites visited for a 565 fixed number of steps cannot generate the desired exponential. Dispersal by diffusion is incapable 566 of reproducing the data of fig. 1 (unless the number of steps allowed is exponentially distributed; 567 see below), and cannot generate anything resembling fig. 2 . 568
As an alternative, consider a process in which propagule drift is all one way and accidents 569 attenuate the flux of propagules exponentially with distance. Each site a propagule passes is 570 adopted but once a propagule suffers an accident it goes no further. This model is not realistic 571 but was contrived to generate an exponential dependence (as in fig. 1 ) on n of the probability of n 572 sites being taken. This it will do, provided the probability of getting from site n to site n+1 is 573 some universal constant x (in an explicitly spatial picture this would correspond to successive 574 sites having a fixed separation). Thus the probability of reaching site n+1 is conditional on the 575 probability of site n having already been reached and an equation of the form given in the caption 576 to fig.1 It is not necessary in the above scenario for propagules to travel in straight lines, merely that each 582 link is of constant length. An illustration of the problem is provided by fig. A1a , b. To make 583 these figures we used a combination of random walk in two dimensions and attenuation, but 584 attenuation is the driving feature. Species were launched on a two dimensional grid and executed 585 a random walk of D steps, where D was chosen at random for each species from the same 586 exponential probability distribution. For each species any site visited once or more was counted 587 as taken; the origin could be crossed but not taken (because there the species would not be alien). 
608
To generate an exponential distribution of species with the number of sites reached the spread 609 must proceed stepwise, with a single probability of each step or link in the propagation chain 610 failing. It is not necessary that each step is over the same distance and if this is not the case the 611 lack of correlation in fig. 2 In a picture with independent single steps, species are launched a number of times and have a 620 certain fixed probability of hitting a target (an alien site at which a species becomes established). 621
The simplest version, that probability would be independent of species and of site, will not 622 produce the simple pattern observed. This is again a mechanistic model, but distances do not 623 enter explicitly. After a possibly large number of attempts, let the chance of a single species 624 having achieved one or more hits on any given target be p, with N target sites. Then the 625 probabilities of a species occupying 1, 2, 3, …n sites are given by successive terms in the 626 binomial expansion 627 (A1) 628 and the features of this distribution are entirely different from the exponential in n which is 629 observed. The model described in this section is ludicrously simple because the same probability 630 p has been taken for each species and every target. If instead different values are possible for 631 each species on every site the possibilities are enormously increased and this of itself suggests a 632 statistical approach, necessarily involving the complexity of the biological world. Simple 633 mechanistic explanations do not lead to any acceptable explanations of our observations. 634
Appendix B. Maximization subject to constraints and determination of parameters 635
The problem we have is to maximise the weight given by eq (1) of the text, subject to constraints. 636
This outline of the general case may help the reader to perceive the analogy between our 637 ecological problem and the statistical mechanics of gases. The function to be maximised is 638
with respect to all € s n , subject to constraints. The first constraint simply imposes the condition that 640
we are working with a fixed number of objects, be they atoms or species. This condition is 641
This is a zero order moment; the next condition is a first order moment. If the objects labelled by 643 n have some attribute which we denote generally by € A n , then a second constraint which might 644 apply is 645
These two constraints would determine the average value of the attribute A. constraints. An elegant explanation of the principles behind the use of these Lagrangian 655 multipliers may be found in appendix C.13 of Blundell and Blundell (2006) . 656
Expanding the logarithms of the factorial functions using Stirling's theorem, the condition for an 657 extremum under constraints becomes 658 
For a given number of species and given values of the number of species at each number of sites, 674 these numbers can be calculated from the data without any assumption about the shape of the 675 distribution. For the data collected for alien species the numbers are respectively 5350 and 10409. 676
The mean number of sites per species is given by € n 1 = F 1 /S 1 and is, from the above numbers, 677
1.946 sites per species. 678
Now substitute the expression (A2) into eqs (A3). The sums can be calculated very simply (these 679 are essentially sums over geometric series) and the following results are mathematically exact. 680 Therefore define 684
The numbers from the data are 2049 and 7108 respectively. The ratio € n 2 = F 2 /S 2 is 3.47. 686
We can of course substitute (A2) into equations (A4) and calculate The distribution of species over the number of sites is exponential, as is the distribution of pairs 692 of sites over the number of species in common. These exponentials are the most probable 693 configurations subject to the relevant constraints. Most probable configurations correspond to the 694 notion of equilibrium; once a system is in the vicinity of this configuration it is very unlikely to 695 depart substantially from it. 696
The existence of such an equilibrium merely dictates an exponential distribution of alien species 697 over the number of sites. It does not specify which species are found at 8 sites or anything of that 698 kind -it does not even require that the same species are found at 8 sites at all times (atoms hop in 699 and out of energy levels). Still less does this equilibrium require that the populations of alien 700 species are unchanging; only the presence of a certain number of species at a certain number of 701 sites. 702
It is particularly interesting that alien species have reached configurations close to equilibrium 703 and quite quickly at that. Probably a global equilibrium with a single global ecotemperature is an 704 oversimplification, but the data are close. Insofar as the role of human activity is concerned, this 705 would reduce the relaxation time rather than determine the distribution. An analogous process is 706 bringing boxes of gas at differing temperatures into better thermal contact. 707
Appendix D. Statistical mechanics in ecology.

708
Statistical mechanics, maximum entropy and ecological guilds 709 and if a constraint is also applied on the average value of € log n ( ) 2 then a skewed log normal 745 distribution results. We note here that (A7) is a particular member of the family of solutions (A8), 746 as indeed is the broken stick solution of (MacArthur 1960). 747
The paper of ) is similar in a number of respects. Again the relative 748 entropy is maximised, but in this case the prior is taken as 749 (A9) 750
Their motivation for this choice of prior is again that it in some sense contains the least 751 information, but their criterion is drawn from coding theory rather than scale invariance. 752
Naturally a species abundance distribution close to the log series results. 753
Finally, the recent paper of ) applies more constraints. In addition to the number 754 of species and the total number of individuals in the guild being fixed, a measure of total 755 metabolic rate is also taken as constrained. Their treatment employs a joint probability function 756
; the probability of a species having n individuals and of an individual having energy 757 requirement . A uniform prior is assumed and the entropy maximised to yield this function. 758 Integration over the continuous variable then results in a log series species abundance 759 distribution. 760
Maximum entropy, priors and alien species 761
The principle of maximum entropy is used in more than one way, mathematically equivalent but 762 different in interpretation. If all that is known of a function is the values of certain moments, then 763 maximising the entropy subject to these constraints minimises the information contained in the 764 resulting function, thus yielding the least biased estimate of the probability distribution consistent 765 with limited information. In the statistical mechanics of gases the problem is different. The 766 number of atoms in a box is known to be constrained by physics (impermeable walls) and the 767 mean energy is known to be constrained (adiabatic walls and conservation of energy). 768
Application of maximum entropy yields the most probable distribution consistent with these 769 constraints (the Boltzmann distribution). Here the constraints are real as opposed to being the 770 result of inadequate information. 771
The role of a prior distribution is clear enough when it is used to incorporate already existing 772 information and need not be mysterious. In the kinetic theory of gases each state with energy 773 has occupation given by eq (2) of the text, but if there are different quantum states with this 774 same energy, then the number of atoms with energy is eq (2) multiplied by the degeneracy 775 factor . The degeneracy factor plays the role of a prior [see for example (Bowler 1982 
